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Abstract: In this paper we prove some extension of the Enestrom-Kakeya theorem (Let P(z) = 3 a;2* be a polynomial of degree

i=
n such that 0<ap < a; < ... < a, then all the zeros of P(z) lie in |z| < 1) by relaxing the hypothesis in different ways we
get various other results which in term generalizes.

MSC: 30C10, 30C15.

Keywords: Zeros of polynomial, Enestrom-Kakeya theorem.
© JS Publication.

1. Introduction

To estimate the zeros of a polynomial is a long standing classical problem [4-12]. It is an interesting area of research for
engineers as well as mathematicians and many results on the same topic are available in literature. The polynomials in
various forms have recently come under extensive revision because of their applications in linear control systems, signal
processing, electrical networks, coding theory and several areas of physical sciences, where among others, location of zeros
and stability problems arise in a natural way. Existing results in the literature also show that there is a need to find bounds
for special polynomials, for example,for those having restrictions on the coefficient,there is always need for refinement of
results in this subject. The well known result Enestrom-Kakeya theorem [3,9] in theory of the distribution of zeros of

polynomials is the following:

n .
Theorem (A:1). Let P(z) = > a;2* be a polynomial of degree n such that 0<ag < a1 < ... < an—1 < an then all the zeros
i=0

of P(z) lie in |z| < 1.
A. Joyal , G. Labelle and Q. I. Rahman [1] obtained the following generalization, by considering the coefficients to be real,

instead of being only positive.

Theorem (A3). Let P(z) = >, a;z" be a polynomial of degree n such that ap < a1 < ... < an_1 < an then all the zeros of
i=0
P(z) lie in |z| < ﬁ{an —ag + |aol}.

In the literature some attempts have been made to extend and generalize the Enestrém-Kakeya theorem. Aziz and Zargar

[2] relaxed the hypothesis of Enestrom-Kakeya theorem in a different way and proved the following results:
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Theorem (A3). Let P(2) = 3 a;2" be a polynomial of degree n such that for some k > 1, 0<ag < a1 < ... < an—1 < kan,

=0

then all the zeros of P(z) lie in |z + k — 1| < k.

Theorem (A4). Let P(z) = Y, a:z" be a polynomial of degree n such that for some k > 1, ap < a1 < ... < an_1 < kan then
i=0
all the zeros of P(2) lie in |z +k — 1] < =~ {kan — ao + |ao}.

lan|

In this paper We want to prove the following results.

Theorem 1.1. Let P(2) = > a;2° be a polynomial of degree n with Re(w) = a; and Im(a;) = b; for i =0,1,2,...,n such
i=0

i=

that for some k> 1,k1 > 1,1 > 1,11 > 1,6 > 0,7 > 0,am # 0,bm, # 0,

ao—0< a1 <...<am-1 < kiam <amt1 < ... <an-1 < ka, and

bo—1n<b1 <...<bm-1 <libn <bmg1 <o <bpo1 < by
then all the zeros of P(z) lie in

1
2] < —— [k(an + lan]) + Un + [bal) + lao] + [bo] + 20kr — 1)la| + 201 — Dlbua = (@0 +bo + [an| + [bal) + 26 + 21].

||

Corollary 1.2. Let P(z) = 3 a;2" be a polynomial of degree n with Re(a;) = a; and Im(a;) = b; fori=0,1,2,....,n such
i=0

that for some k> 1,k1 > 1,6 > 0,7 > 0,a, # 0,bm, # 0,

ap—6<a1<...<am-1 < kiam < amy1 <o < an—1 < kan  and

bo—n<b1 <...<bm-1 < kibm <bmt1 < ... <bpo1 < kb

then all the zeros of P(z) lie in

Corollary 1.3. Let P(z) = 3 auz" be a polynomial of degree n with Re(a;) = a; and I'm(a;) = b; fori=0,1,2,...,n such
i=0

that for some k> 1,5 > 0,

apo—0<a1 <...<am-1<am < amy1 <. <an—1 < kan  and

bo =0 <b1 < ... <bm-1 b Cbmg1 <o <bpo1 < kby
then all the zeros of P(z) lie in

1
|z < ——=[k(an + bn + |an| + |bn|) + |ao| + [bo| — (a0 + bo + |an| + |bal) + 46].

~ lan|

Corollary 1.4. Let P(2) = 3 a;2" be a polynomial of degree n with Re(a;) = a; and I'm(a;) = b; fori=0,1,2,....,n such
i=0
that for some k> 1,k1 > 1,6 > 0,a,, #0

apo—0< a1 <...<am-1 <kiam <ami1 < ... <ano1 L kan  and

bO S bl S S bm—l S bm S bm+1 S S bn—l S bn
then all the zeros of P(z) lie in

1
2] < —— [k(an + [an]) + bn + lao| + [bo] + 20k1 — 1)]am| — (a0 + bo + |an]) + 20].

|aun|
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Corollary 1.5. Let P(z) = 3 a;2" be a polynomial of degree n with Re(a;) = a; and I'm(a;) = b; fori=0,1,2,....,n such
i=0

that

then all the zeros of P(z) lie in

1
o1 < g lan =+ bu + laol + [bol — (a0 + bo)]-

Corollary 1.6. Let P(z) = 3. a;z° be a polynomial of degree n with Re(as) = a;>0 and Im(a;) = b;>0 fori=0,1,2,...n
i=0

such that for some k> 1,k1 > 1,6 > 0,7 > 0,am # 0,bp, #0,

ap—6<a1<...<am-1 < kiam < amy1 <o < an-1 < kan  and

bo—n<bi <...<bm-1 < kibm <bmt1 < ... < b1 < kb

then all the zeros of P(z) lie in

12 < 2 [(2k — 1)(an + bn) + (2k1 — 1)(@m + bm) + 25 + 217

|an|
Remark 1.7.
(1). By taking b; =0 in Corollary 4, then it reduces to Theorem As.
(2). By taking b; =0 and a;>0 for i =0,1,2,...,n in Corollary 4, then it reduces to Theorem A;.
(3). By taking k =1, k1 =11 in Theorem 1, then it is reduces to Corollary 1.
(4). By takingl =k,l1 = k1 =1 and 6 =n in Theorem 1, then it is reduces to Corollary 2.
(5). By takingl =11 =1 and n = 0in Theorem 1, then it is reduces to Corollary 8.
(6). By takingl =k1 =li =k=1 and 6 =n =0 in Theorem 1, then it is reduces to Corollary 4.
(7). By taking b;>0 and a;>0 fori=0,1,2,...,n in Corollary 1, then it reduces to Corollary 5.

Theorem 1.8. Let P(z) = 3. a;2° be a polynomial of degree n with Re(w) = a; and Im(a;) = b; for i =0,1,2,...,n such
i=0

1=

that for some 0<r < 1,0<s < 1,0<x < 1,0<y < 1,0 > 0,7 > 0,am # 0,bm # 0,

Tn < an-1 < ... < 8mt1 < 8am < am-1 < ... <a1 <ao+9d and

Zbp <bp—1 < ... <bmyr S ybm <bmo1 <. < b1 <bo+17
then all the zeros of P(z) lie in

1
|2l < =] @0 + bo + [ao] + [bo| + |an| + |ba| = r(an + |an]) = 2(ba + [bu) + 2[|am| + [bm| = slam| = ylbm| + 0 +n] |-

||
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Corollary 1.9. Let P(z) = 3 a;z" be a polynomial of degree n with Re(a;) = a; and I'm(a;) = b; fori=0,1,2,....,n such
i=0
that for some 0<r < 1,0<s < 1,6 > 0,7 > 0,am # 0,bm # 0,

ran < an-1 < oo < amg1 < $am < am-1 < ... <a1 <ap+0 and

Thn <bp1 < .. Kbt < 8by < b1 <. <b1 < bo+17
then all the zeros of P(z) lie in

1
2] < = | a0 + bo =+ laol + o] + lan| + [bal = (@ + lan] + bo + [ba]) +2[lam| + | = s(lam| +[bn]) + 6 +17] |

|an]

Corollary 1.10. Let P(z) = 3. aiz" be a polynomial of degree n with Re(e;) = a; and Im(e;) = b; for i = 0,1,2,...n
i=0
such that for some 0<r < 1,6 >0,

ran < n-1 < oo L amp1 < am <am-1 <. <a1<ao+6  and

o <bp—1 < oo < bt b <1 <. <1 <bg+6
then all the zeros of P(z) lie in

1
2| < —— |ao +bo + |ao| + [bo| + |an| 4 [bn| — r(an + bn + |an| + |ba]) + 4] |

el

Corollary 1.11. Let P(z) = 3. aiz" be a polynomial of degree n with Re(cw) = a; and Im(o;) = b; for i = 0,1,2,...n
i=0

such that for some 0<r < 1,0<s <1, > 0,am # 0,

ran < an-1 < oo < amt1 < 8am < am-1 < ... <a1 <ap+4d and

b’ﬂ S b’n*l <.. S bm+1 S b'm S bm,1 S S b1 S b()

then all the zeros of P(z) lie in

1
|z < — |ao +bo + |ao| + [bo| + |an| + |bn| — r(an + |an]) — b + 2[|am| — s|am| + 6] |

||

Corollary 1.12. Let P(z) = 3. aiz" be a polynomial of degree n with Re(c) = a; and Im(o;) = b; for i = 0,1,2,....n
i=0

such that

then all the zeros of P(z) lie in
1
2| < Tl ao + bo + |ao| + [bo| — an — bn] |-

Corollary 1.13. Let P(z) = 3. uz® be a polynomial of degree n with Re(o) = a;>0 and Im(ci) = b;>0 fori=0,1,2,...n
i=0

such that for some 0<r < 1,0<s < 1,0<x < 1,0<y < 1,0 > 0,7 > 0,am # 0,bm # 0,

ran < an-1 < ... < @mt1 < Sam < am—1 < ... <a1<ap+9 and
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by, < b1 <..< bm+1 < ybm <bmo1 <...< b1 <bg +n
then all the zeros of P(z) lie in

2| <

o] ao + bo + |ao| + [bo| + (1 — 2r)an + (1 — 22)bn + 2[(1 — $)am + (1 — y)bm + & + 7] |.
Remark 1.14.

(1). By taking r = x,s =y in Theorem 2, then it is reduces to Corollary 6.

(2). By taking x =r,s =y =1 and 6 =n in Theorem 2, then it is reduces to Corollary 7.

(3). By taking x =y =1 and n = 0in Theorem 2, then it is reduces to Corollary 8.

(4). By takingr =s=xz=y =1 and § =n =0 in Theorem 2, then it is reduces to Corollary 9.

(5). By taking b;>0 and a;>0 for i =0,1,2,...,n in Theorem 2, then it reduces to Corollary 10.

2. Proof of the Theorems

Proof of Theorem 1.1. Let P(z) = an2™ + Q12" Pt am 12" am 2™+ am1 2™ 4 4+ a1z + ag be a polynomial

of degree n. Then consider the polynomial Q(z) = (1 — z)P(z) so that

Q(2) =—anz" 4+ (an —an_1)2" + . 4 (@ms1 — @m) 2™+ (Qm — @m_1)2™ + o+ (@1 — @)z + .
=—an2" 4 (a0 — an-1)2" + . + (@ms1 — am) 2T+ (@m — am—1)2" + ... + (a1 — a0)z + a0+

+ i (bn = br=1)2" + . + (Bms1 — b ) 2™ + (b — bm—1)2"™ + ... + (b1 — bo)z + o }.
Also if |z| > 1 then M% < fori=0,1,2,....,n — 1. Now

1Q(2)] a2 — {(|an — Gl + oo+ amss — a2+ [am — amoa[l2™ + .. + a1 — aollz] + ao)

+ (Jbr = ba—1][2]™ + wo + b1 = b |[2]™ T + b — b1 ||2]™ + o + b1 — bol|2] + bo)}

[ 1 n—1— Qn— a —a Am — Qm— a1 —a a
Sanllzl"{Je] = i { (lan = anoaf 4 Knt = Onzzly | James Z ] lom —amoal | o ol o]
i |an| || |z[=m |z[=m |2[" |2
+ |b —-b 1|+w+ +‘bm+1_bm|+|bm_bm71|+ +M+M
o || [t |z[=m B L <11
nl 1
>lanl|z]™ ||2] — m{(lkan —an-1 = kan + an| + |an—1 — an—2| + ... + |am+1 — k1am + k1am — an
L n

+ am — k1am + k1am — am—1| + ... + a1 + 8 — a0 — 8| + |ao|) + (|lbn — b1 — lbn + b | + [bn_1 — bn_2|
+ oot brmt1 — libm + Libm — bin| + b — l1bm + b — b1 | + . + |b1 + 1 — bo — | + |b0\)H
>(an||2|" {|z| _ ﬁ{ [(kan — an_1) + (k — Dlan] + (@n1 — an_2) + .+ (@ms1 — kram) + (k1 — 1)]am]
+ (k1am — am—1) + (k1 — 1)|am| + .. + (a1 + 8 — a0) + 6 + |ao|] + [(Ibn — bn—1) + (I = 1)[bn| + (bn—1 — bn_2)
+ oot (bng1 — libm) + (I — D)|bm| + (libm — bm—1) + (ls = 1)|bm| 4+ .. + (b1 + 1 — bo) + 1 + |bo|] }]

:|an|\z|"[|z|— {k(an+|an|>+1<bn+\bn|)+\ao|+|bo|+2<k1—1>|am|+2<zl—1>|bm|

1
|an|
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— (a0 + bo + lan] + [ba]) + 20 + 277” >0
provided

1
15 o [+ aal) 4 10+ 1521+ ol + ol + 2061 = D+ 200 = Dlbn] = 0+ o + fanl + [6u]) + 25+ 20

This shows that Q(z)>0 provided

1
|z\>|a—‘ [k(an + |an|) + U(bn + |bn]) + |ao] + |bo| + 2(k1 — 1)|am]| + 2(I1 — 1)|bm| — (a0 + bo + |an| + |bn]) + 26 + 277}.

Hence all the zeros of Q(z) with |z|>1 lie in

1
4 < [[uan  fanl) + 1B + [Ba]) + lao] + [bo] + 2(ks = Dlam| + 200 = Dlbin| — (a0 + bo + an] + [bu]) +2a+2n].

But those zeros of Q(z) whose modulus is less than or equal to 1 already satisfy the above inequality. Since all the zeros of
P(z) are also the zeros of Q(z) lie in the circle defined by the above inequality and this completes the proof of the Theorem
1.1. O
Proof of Theorem 1.8. Let P(z) = an 2™ + On12" T ame12™ tam2™ + cuwhqzmJrl + ...+ ai1z+ ap be a polynomial

of degree n. Then consider the polynomial Q(z) = (1 — z)P(z) so that

m—+1

Qz)=- anz" Tt 4+ (n — an-1)2" 4+ ... + (@m+1 — @m)z + (am — @m-1)2" 4+ ... + (a1 — @)z + .

m—+1

=— 2" 4 (an — an-1)2" + o + (@ms1 — am) 2"+ (@ — am—1)2" + ... + (a1 — a0)z + ao+

+ i (bp = bu-1)2" + . + (b1 — b ) 2™ + (b — b—1)2™ + ... + (b1 — bo)z + bo }.

Also if |z| > 1 then —2— < 1 fori=0,1,2,...,n — 1. Now

‘Zln—i

1Q(2)] 2Jan|l2|™ " ~ {(Ian —an-l2|" + oo amts = aml[2]™ T+ Jam — am-1l2]™ + ... + |ar — aol|z| + ao)

1 lan—1 — an—2| lam+1 — am| | lam — am—1] lai —ao| | aol
> n _— — _ —_— e —— —
Zlanl2] {'Z' |an|{('“" ol T e e T e Tt e T

bn—1 — bn— bm+1 — bm bm — by— b1 — b b
* (|bn_bn_l|+ | : 2| ot ‘ -";7«1*771*1 | + | n—m 1| +.t ‘ : n*lOl |707[) }:|
|| 2] || || ||
1
>lan||2]" {IZI - m{(lmn —Gn—1 = Tan + Gn| + |an—1 — an_2| + ... + [Gmt1 — SGm + Sm — am|

+ |am — Sam + Sam — am—1| + ... + |ar + 8 — ao — 8| + |ao|) (|wbn — bu—1 — Tbn + bu| + [bn—1 — b 2|

1
|an|

+ (am-1 = sam) + (1 = 8)|am| + .. + (a0 + 6 — a1) + & + |ao|] + [(bn—1 — xbn) + (1 — &) |bn| + (bn—2 — bn—1)

>Jan]|2]" [|z| - {[<an_1 ~ran) + (1= P)lan] + (@nos — an-1) + o+ (3m — amyr) + (1 — 8)]am]
oot (Wb = brgn) + (L= )bl 4 B = ybun) + (L= 9)lBoal + o+ (bo + 11— b1) + 1 + [bol] H

. 1
~lan]l2] [|z|——{ao+bo+|ao|+|bo|+|an|+\bn|—r(an+\ann—x(bmbnn

||

+ 2[|am| + |bm| = slam| — y|bm| +5+n]}} >0
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provided

1
o> [ +bo + [aol + [bo] + [an| + [ba| = 7(an + [an]) = 2(bn + [ba]) + 2[lam| + bm| = slan] — vlbm] +6+n]]

|aun|

This shows that Q(z)>0 provided

1
2> [ao +bo + lao| + [bo| + lan| + [ba] = r(an + [an|) = 2(bn + [bn]) + 2[lam| + [bm| = slam| — ylbm| +5+77]}

|aun|

Hence all the zeros of Q(z) with |z|>1 lie in

1
o < [ b0+ Jao] + [bo] + [an] + [ba] — (@ + lan]) — @(Bn + [Bal) + 2[[am] + [bm] — slam| — ylbu] + 6+n]].

|an]

But those zeros of Q(z) whose modulus is less than or equal to 1 already satisfy the above inequality. Since all the zeros of
P(z) are also the zeros of Q(z) lie in the circle defined by the above inequality and this completes the proof of the Theorem
1.8. O
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